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Abstract 

In  decision  analysis  wo  normally  consider  the  value  of  information 
to  be  a  constant  against  which  the  cost  of  information  is  compared.  How- 
ever,  when  it  is  possible  to  buy  information  sequentially,  the  value  of 
information  is  not  a  constant.  Rather,  it  is  a  function  of  the  prices 
of  the  various  pieces  of  information,  or  "observables."  When  we  are 
faced  with  a  decision  and  learn  one  observable,  this  information  not 
only  helps  us  make  the  original  decision,  but  also  help  us  decide  if 
we  should  pay  for  more  observables.  For  this  reason,  the  first  observ¬ 
able  has  a  value  above  and  beyond  that  which  we  would  assign  if  there 
were  no  possibility  of  obtaining  additional  information.  To  decide 

whether  or  not  to  buy  one  observable  we  must  know  the  prices  of  all  the 
observables . 

Introduction 

Using  decision  analysis  [1,4,6, 7]**  it  is  possible  to  calculate  the 
value  of  one  or  more  pieces  of  information-called  "observables"--when  a 
decision  must  be  made  in  the  face  of  uncertainty.  This  information  has 
value  because  it  can  affect  the  decision  and  lead  to  a  greater  expected 

* 

This  research  was  partially  supported  by  the  Advanced  Research  Prol- 
l  Ag^y  the  Department  of  Defense,  as  monitored  by  the  Office 
ot  Naval  Research  under  Contract  No.  N00014-67-A-0112-0077 ,  and  by 
the  National  Science  Foundation  under  NSF  Grant  GK-36491. 

** 

Numbers  in  square  brackets  refer  to  the  References. 
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profit.  However  the  possibility  of  buying  information  sequentially 
presents  the  decision  maker  with  a  set  of  secondary  decisions:  which 
observables  should  he  buy  and  in  which  order  should  he  buy  them?  It 
is  possible  that  knowing  one  observable  affects  not  only  the  primary 
decision,  but  also  the  decision  to  buy  additional  information.  In  that 
case  the  value  of  knowing  the  first  observable  is  greater  than  it  would 
be  if  it  affected  only  the  primary  decision.  The  prices  of  the  observ¬ 
ables  affect  the  decision  maker's  willingness  to  buy  additional  informa¬ 
tion.  For  this  reason  the  amount  that  the  value  of  learning  each  ob- 
serbable  is  increased  by  the  possibility  of  buying  additional  informa¬ 
tion  depends  on  the  prices  of  all  the  observables. 


Notation 

The  notation  used  in  this  paper  is  an  extension  of  Howard's  inferen¬ 
tial  notation  [2,3],  which  shows  the  decision  maker's  state  of  informa¬ 
tion  explicitly.  Although  inferential  notation  is  very  jseful,  the 
following  operator  notation  is  somewhat  clearer  and  more  compact  when 
dealing  with  the  value  of  information. 

■  a  state  of  information  on  which  probability  assignments  are  made, 

4  -  the  decision  maker's  prior  state  of  information, 

{xUj  e  the  density  function  (for  continuous  random  variables)  or  mass 

function  (for  discrete  random  variables)  of  the  random  variable  x 
given  the  state  of  information  4  , 

'*\A>  “  /x{xl'<}  dx  "  the  expected  value  of  x  given  the  state  of  informa 


tion  f,  , 
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x  -  <x|S>  .  the  expected  velue  of  x  given  the  decision  super's  prior 
state  of  information  , 

"<X1 . V  c)  ■  «  function  the-  depends  on  the  stete  and 

control  variables, 

c  -  a  control  or  decision  variable  (possibly  vector-valued)  upon  which  the 
profit  depends  , 

*l  -  a  state  variable;  a  random  variable  upon  which  the  profit  depends. 

(If  we  are  dealing  with  perfect  information,  x£  is  also  an  obse^- 
able.) 


yj  "  an  observable;  a  random  variable  whose  actual  value  we  have  an 
opportunity  to  learn  , 

^  l’  ’  Xn’  •••t  xn ,  c)  dx  «  the  expected  value 

of  the  profit  with  respect  to  x^  , 

mcX  n(xl . xn.  c)  -  the  maximum  of  the  profit  with  respect  to  c 


K 

*i 


*  cost  of  learning  xt  , 


the  value  of  learning  xt  given  that  no  additional  information  is 
purchased;  the  value  of  individual  information  about  Xl  (the 
superscript  N  means  "no  additional  information")  , 


*ixj-**xr  "  thC  ValU"  °f  learnin8  xi  .  Xj . and  xr  simultaneously 

given  that  no  additional  inforr  ion  is  purchased;  the  value  of 
simultaneous  information  about  x,  ,  x  .  and  v 

1  '  J  ’  #  '  *  ®IIU  Aj.  » 


<o 


VR=V^  -  K  -  ...  -  K  -K  -  . . .  -  K  ,  the  residual 

xi  X1 • • *xn  xl  xi-l  xi+l  xn 

value  of  learning  when  all  of  the  available  information  is 

purchased  simultaneously;  the  residual  value  of  x^,  ,  (the  super¬ 
script  R  stands  for  "residual  value")  , 


V  =  the  value  of  learning  x,  when  acditional  information  can  be 
xi  1 

purchased;  the  value  of  sequential  information  about  x^  . 

Strings  of  expectation  and  maximization  operators  are  interpreted 
as  follows: 


max  E  *r(x,c)  =  max 
C  X  c 


-T(x,c) 


D  max  E  n(x,c)  =  max 
y  c  x  c 


(x|y.4} 


E  max 

y  c 


tt(x,c)  -  J  max  [  J  tt  (x,c)  [x|y,fc]  dx 


{y|&}  dy 


is  a  modifier  that  conditions  the  expectations  in  its  argument  on 
E  is  interpreted  as  the  expected  value  with  respect  to  x  given 
all  the  control  or  random  variables  that  appear  as  subscripts  of  opera¬ 
tors  or  modifiers  that  include  E  in  their  argument. 

In  this  paper  we  assume  that  none  of  the  probability  density  func¬ 
tions  depends  on  the  control  variable 


Types  of  Sequential  Information  Problems 

A  decision  problem  involving  sequential  information  can  be  placed 
in  ore  of  several  categories  cepeiding  on  whether  or  not  the  problem  has 


each  of  the  following  properties. 

1.  Additive  prices.  The  prices  of  the  observables  are  aciitive 
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1 


when  the  cost  of  learning  any  grove  of  observables  simul¬ 
taneously  equals  the  sum  of  the  costs  of  learning  each  observ¬ 
able  separately. 

2.  Certain  prices.  If  the  decision  maker  knows  the  price  of  each 
observable  and  group  of  observables,  the  problem  can  be  ana¬ 
lyzed  in  terms  of  certain  prices. 

3.  Perfect  iiformation.  When  a  piece  of  information  reveals  the 
exact  value  of  one  or  more  of  the  arguments  of  the  profit 
function,  it  is  called  perfect  information. 

For  simplicity,  we  do  not  consider  utility  and  risk  preference  in 
this  paper.  However  the  extension  of  the  following  results  to  include 
these  concepts  is  straightforward. 

The  following  example  introduces  ideas  of  sequential  information 
with  the  simplest  type  of  problem:  the  case  of  additive,  certain  prices 
for  perfect  information.  After  the  example  the  results  are  generalized 
to  apply  to  all  types  of  sequential  information  problems. 

An  Example:  A  Bidding  Problem  Revisited 

The  example  addresses  the  problem  of  submitting  a  single,  sealed 
bid  for  a  contract  when  faced  with  uncertainty  about  the  lowest  compet¬ 
ing  bid  and  the  production  cost  required  to  fulfill  the  contract.  This 
problem  is  discussed  in  some  detail  by  Howard  [2,3]. 

Suppose  our  company's  objective  in  bidding  is  to  maximize  its  ex¬ 
pected  profit.  Let  p  be  our  production  cost  for  performing  the  con¬ 
tract,  let  l  be  our  competitors'  lowest  bid,  and  let  b  be  our 
company’s  bid.  If  our  bid  exceeds  the  lowest  competing  bid,  our  company 


-6- 


will  not  win  the  contract  and  our  net  profit  will  be  zero.  However  if 
we  suomit  the  lowest  bid,  our  company  will  win  the  contract  and  make  a 
profit  equal  to  the  difference  between  our  bid  and  the  production  cost. 
Thus  our  company's  profit,  TT  ,  is  defined  by 

fb-p:b<£^ 

TT(p,£,b)  =  <  l 

l  0  :  b  >  X  j 

We  do  not  know  the  exact  values  of  p  and  X  ,  but  we  can  assign 
prior  probability  density  functions  —  {p|fe}  and  {X|fe}  --  base  on 
our  company's  experience  with  similar  bidding  situations.  To  simplify 
the  computations  required  for  this  example  we  shall  assume  that  fp|fe} 
and  U|fc]  have  been  assessed  as  independent,  uniform  density  func¬ 
tions,  with  p  ranging  from  zero  to  one  and  X  ranging  from  zero  to 
two.  These  distributions  are  shown  in  Fig.  1. 

Consider  the  possibility  of  buying  perfect  information  about  p 
and  X  at  costs  of  Kp  and  respectively.  Howard  [2]  has  shown 

that  the  values  of  individual  and  simultaneous  information  about  p 
and  p  and  X  are  : 

N 

V  =  (E  max  E  -  max  E  E)  TT(p,X,b)  =  1/96 
P  p  b  X  b  p  X 

V*  =  (E  mgx  E  -  ragx  E  E)  TT(p,X,b)  =  27/96 

=  (E  E  max  -  max  E  E)  rr(p,X,b)  =  29/96 
P  *  pXb  bpX 

Howard  points  out  that  .  does  not  equal  the  sum  of  VN  and  VN  . 

P  X  p  X 

In  other  words,  the  value  of  learning  both  p  and  X  is  greater  than 

'$C 

the  sum  of  the  values  of  learning  p  and  X  individually. 

* 

It  can  be  shown  that,  in  general,  the  value  of  learning  several  observ¬ 
ables  simultaneously  can  be  greater  than  or  less  than  the  sum  of  the 
values  of  learning  each  observable  individually  [5]. 
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By  comparing  the  expected  profits  associated  with  learning  p  and 
1  individually  and  simultaneously,  we  find  the  decision  regions  shown 
in  Fig.  2.  As  Fig.  2  shows,  it  is  necessary  to  know  the  prices  of  both 
pieces  of  information  to  decide  which  observable  to  buy,  even  when  only 
individual  and  simultaneous  purchases  are  possible.  When  we  consider 
sequential  information  it  will  be  possible  to  draw  a  diagram  similar  to 
Fig.  2,  but  the  decision  regions  become  more  complicated. 

To  determine  the  value  of  sequential  information  about  p  ,  assume 
for  a  moment  that  we  already  know  p  and  are  trying  to  decide  whether 

or  not  to  pay  to  learn  £  .  If  we  decide  not  to  learn  £  ,  then  our 

maximum  expected  profit  is: 

mbX  £  =  (1  -  V  2) 2/2 

On  the  other  hand,  if  we  decide  to  learn  £  ,  our  maximum  expected 
profit  is 

E  mgx  TT(p,£,b)  =  (1  -  p/2)2 

The  increase  in  expected  profit  caused  by  learning  £  after  we  know 
p  is 

( £  mbX  ’  mbX  £J  n(p’X’b)  =  -  p/ 2)  2/2 

We  are  willing  to  pay  for  £  when  the  increase  in  expected  profit 
exceeds  .  For  certain  values  of  K£  ,  the  decision  to  buy  perfect 

information  about  £  depends  on  the  value  of  p  that  we  learned  ear¬ 

lier,  which  means  that  learning  p  can  help  us  decide  whether  to  buy 
more  information  as  well  as  how  to  bid.  The  maximum  expected  profit 
when  we  know  that  will  receive  perfect  information  about  p  with  an 
option  to  pay  for  £  is 


Figure  2.  Decision  regions  for  Individual  and  simultaneous  information 
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E  max 
P 


I 


5  mg*  Tl(p,£,b)  - 


^ngx  E  TT(p,£,b)  J 


r  E  (1  -  p/2)2-  :  K£  <  1/8 

2(1-/2K") 

J  [(1-P/2) -  Kx]  |p|Sj  dp 


+  ./_  r(l-p/2)2/2J  ip|sl  dp 

2(1  V5J  l  J 


1/8  <  <  1/2 


Le  (1  -  p/2)  /2  :  1/2  < 


56/96  -  K£  :  <  1/8 


60/96  +  <4/3)K£  72K]  -  2KX  :  1/8  <  K  <  1/2 1 


28/96  :  1/2  <  K„ 
-  £ 


The  corresponding  Increase  in  expected  profit  is  the  value  of  sequential 
information  about  p 


W 


E  max- 
P 


E  mgx  n(p,/,b)  - 


max  E  TT(p,£,b) 

O  l 


'29/96  -  K£  :  <  1/8 

33/96  +  (4/3 )Kjl>/5iq.  2Kj 
1/96  :  1/2  <  K ( 

*“  X 


T'  p  £ 


1/8  <  Kx 
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By  carrying  out  a  similar  calculation  we  can  find  the  maximum  ex¬ 
pected  profit  when  we  know  that  we  will  receive  perfectin formation  about 
1  with  an  option  to  pay  K  for  p  .  This  expected  profit  is 


E  max 
L 


( 


E  mgx  n(p, i,b)  -  Kp 
max  E  TT(p,jt,b) 

y*; 


VTT 

P 


/  (i2/2  ‘  Kp){Al5}di+  f  (M/2){jt|ftjdA  :  K  <  i/8 

invr  1-/7^  w  J  p 


/  (*  -  1/2)  :  Kp  >  1/8 


56/96  +  (2/3)k/3T  -  Kp/2  :  Kp  <  1/8 


54/96  :  K  >1/8 
P  - 


The  corresponding  increase  in  expected  profit  is  the  value  of  sequential 
information  about  l  . 


vy 


5 


max 


E  max  tt(P  ,  £,b)  -  K 

r  b  P 

g  tt(p,£,b) 


max  E  E  rr(p,£,b) 


29/96  +  ( 2/$K  V"ZKI  -  K  /2  :  K  <1/8 
P  P  p  p 

27/96  :  K  >1/8 

p  - 


By  comparing  the  expected  profits  associated  with  all  the  possible 
ways  we  can  learn  p  and  i  —  individually,  simultaneously  and  sequen- 
tially-- we  find  the  decision  regions  shown  in  Fig.  3.  This  figure  also 
shows  Vp(K£)  and  V^(Kp)  plotted  against  the  appropriate  axes,  since 
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Lhese  functions  form  boundaries  of  the  decision  regions.  In  this  problem 
the  option  of  buying  information  simultaneously  is  completely  dominated 
by  the  other  alternatives,  even  though  there  are  pairs  of  prices  such 
that  buying  both  pieces  of  information  simultaneously  is  preferable  to 
buying  either  piece  of  information  individually.  A  comparison  of  Figs. 

2  and  3  shows  that  when  information  is  available  sequentially,  we  are 
willing  to  buy  information  at  pairs  of  prices  that  were  not  advantageous 
when  only  individual  and  simultaneous  information  was  available. 
Furthermore,  there  are  pairs  of  prices  such  that  our  best  decision  when 
offered  individual  and  simultaneous  information  is  to  pay  K.  to  learn 

X 

1  *  wMle  out  bost  initial  decision  when  offered  all  types  of  informa¬ 
tion  is  to  pay  K  to  learn  p  . 

P 

General  Properties  of  Sequential  Information  Problems  with  Additive. 
Certain  Prices 

When  all  observable  prices  are  additive  and  certain,  we  can  formu¬ 
late  a  general  sequential- information  problem  in  terms  of  a  set  of  state 
variables  (xL . xj  and  a  set  of  observables  (y l . y^)  with  the 

corresponding  set  of  observable  prices  (K  .  . ,  K  )  .  When  an  ob- 

y  1  Yn 

servable  is  equal  to  one  of  the  state  variables  it  represents  perfect 
information.  However,  by  treating  observables  and  state  variables 
separately,  we  can  also  deal  with  imperfect  information.  Since  the  possi¬ 
bility  of  buying  observables  sequentially  increases  the  value  of  both 
imperfect  and  perfect  information,  the  value  of  imperfect  information 
about  a  state  variable  can  exceed  the  value  of  perfect,  individual 
information  about  the 


same  state  variable. 
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As  the  preceding  example  demonstrates,  the  vali  e  of  sequential  in¬ 
formation  about  an  observable  is,  in  general,  a  function  of  the  prices  or 
all  of  the  other  observables.  Thus, 


=  V  <K 


yi  yl 


•  ,K  ) 
y 

'n 


The  dependence  of  Vy  on  the  prices  of  the  observables  can  be  seen  in 
the  decision  tree  in  Fig.  4.  This  tree  shows  all  the  information¬ 
purchasing  decisions  as  well  as  the  primary  decision  to  choose  a  value 
for  the  control  variable.  The  value  of  sequential  information  about  y 
is  equal  to  the  difference  between  the  expected  profit  associated  with 
branch  (the  branch  where  we  first  learn  y.  )  and  the  expected 

profit  associated  with  branch  (the  branch  where  we  do  not  learn  any 

information.  Using  the  tree  in  Fig.  4  we  can  find  V  algebraically. 

yi 


max  E 
c  Xl 


•  E  ^(*i  *  •  •  •  I*  ,c) 
*111  1  m 


This  function  has  several  properties  which  were  demonstrated  in 
the  preceding  example.  Specifically  we  can  show  that  as  any  price  in¬ 
creases,  V  must  decrease  or  remain  constant.  However  V  cannot 

yi  yt 

decrease  by  more  than  the  price  increase.  Thus, 


SV 

yL 
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Sequential  information  decision  tree  for  an  expected  profit  decision  maker 
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The  proof  of  this  statement  [5]  depends  on  the  fact  that  all  of  the 

prices  in  the  expression  for  V  are  subtracted  from  some  quantity. 

yi 

The  derivative  of  V  becomes  a  series  of  expectations  of  quantities 

y  i 

that  are  either  minus  one,  zero,  or  some  number  between  these  limits. 

It  can  also  be  shown  that 

2  2 
5  V  /  aK  '  ->0 

The  proof  [5]  is  based  on  the  fact  that,  as  K  increases,  it  becomes 

yJ  th 

less  desirable  for  the  decision  maker  to  pay  for  the  j  observable 
regardless  of  the  information  he  has  already  learned.  In  the  expres¬ 
sion  for  V  this  means  that  there  are  fewer  values  of  previous ly- 
yi 

learned  observables  for  which  the  expectations  include  a  term  with  -Ky 

Thus  4V  /'d K  becomes  an  expectation  of  more  terms  that  are  zero 

yi  yj 

and  fewer  terms  that  are  minus  one,  so  the  first  derivative  must  increase 
or  remain  constant  when  K  increases. 

yj 

The  significance  of  these  properties  of  the  value  of  sequential 
information  is  that  thev  allow  to  exceed  the  corresponding  values 

of  Individual  and  simultaneous  information  for  certain  sets  of  observ¬ 
able  prices.  It  is  ea^y  to  see  that  must  be  at  least  as  great  as 

N  R  1  * 

V  and  V  for  any  set  of  observable  prices.  When  we  buy  informa- 

yi  y  i 

tion  sequentially,  we  have  the  opportunity  to  buy  just  one  observable  or 
all  of  the  observables.  Thus  we  can  always  achieve  the  expected  profits 
associated  with  individual  and  simultaneous  information  by  making  the 


Us  ing  vyi(Ky1”",Kyi-i,Si+1 . Kyn)  ,  we  can  describe  the  price 

pairs  where  we  will  buy  simultaneous  information  in  terms  of  a  function 
similar  to  Vy.  .  We  are  willing  to  buy  all  the  observables  simulta- 

•  R 

neously  when  K-,  <  V 

y  i  y  i 
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proper  set  of  sequential  decisions. 

The  bidding  example  showed  that,  for  certain  sets  of  observable 
pi  Res,  Vy^  can  exceed  both  and  .  This  phenomenon,  which 

makes  it  possible  to  buy  sequential  information  at  sets  of  prices  that 
are  not  advantageous  for  individual  or  sequential  purchases,  occurs  when 
ever  learning  can  affect  our  decision  to  learn  other  obsirvables. 

Suppose  that  for  some  set  of  observable  prices  our  decision  to  my 
additional  information  changes  when  we  learn  different  values  of  v 

Ji 

Therefore,  for  some  value  of  yt  ,  our  best  decision  must  be  to  buy  ad¬ 
ditional  information.  For  this  value  of  ,  our  expected  profit  must 
be  greater  when  we  pay  for  some  other  observable,  y^  ,  than  when  we 
refuse  additional  information.  Therefore, 


Expanding  this  inequality  and  taking  the  expected  value  of  both  sides 
yields  Vy_  >  Vy .  .  The  proof  that  Vy^  exceeds  /  is  more  compli¬ 
cated  but  essentially  similar  [5], 

Observables  with  Uncertain  Prices 

If  the  prices  of  the  observables  are  uncertain,  we  can  assign  prior 
probability  density  functions  for  each  price.  In  general,  the  resulting 
distributions  need  not  be  independent,  so  our  state  of  information  is 
represented  by  a  joint  distribution  on  the  state  variables,  observables, 
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and  prices 


fxl’ ' ' • ,xm,yl> • • • ,yn>K« 


n  y 


1  "n 

th 


When  we  commit  ourselves  to  paying  for  the  ith  observable,  we  learn 

both  y  and  K  .  After  paying  K  we  must  then  decide  whether  to 
yi  yi 

buy  additional  information. 

The  expected  valie  of  learning  y sequentially,  when  we  are  try¬ 
ing  to  maximize  expected  profit,  and  when  the  cost  of  information  is 
uncertain,  is 


v  £  max 

yi  S, 


i„  n(xi . vc) 

rV"!"1"! . V‘> 

max  l 

■Vt.&t  ^  f--,) 

"TS  •••  I  n<V 
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!  -  K 

)  yj_ 
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in 


If  K  is  independent  of  y.  and  K  ,  for  all  i  and  i  thi 
y’  1  yt 


expression  reduces  to  V  (K  , . . . ,K  ,K  ,...,K  )  .  In  other  words 

^  i  ^  yi-1  yi+1  Yn 

we  can  use  the  same  decision  rules  for  buying  information  that  we  would 
with  certain  prices,  except  we  use  the  expected  values  of  the  prices  in¬ 
stead  of  the  prices  themselves. 

On  the  other  hand,  if  K  is  dependent  on  one  of  the  other 

yj 

prices  or  the  corresponding  observables,  we  cannot  characterize  each 
uncertain  price  by  its  expected  value.  The  maximizations  required  to 
determine  the  value  of  sequential  information  depend  on  quantities  like 
5  9  v  Kv  ’  which  in  turn  require  a  knowledge  of  the  entire  joint 

yi  Si  yj  yJ 


density  function  for  the  state  variables,  observables,  and  prices. 

Since  dependencies  between  these  variables  cannot  generally  be  repre¬ 
sented  by  a  finite  set  of  numbers,  it  is  impossible  to  represent  the 
decision  rules  in  a  finite-dimensional  Euclidean  space.  However  if 
we  know  the  joint  density  function,  we  can  determine  the  optimum 
strategy  for  buying  information  sequentially  for  that  particular  density 
function  by  looking  at  all  of  the  ways  we  could  buy  the  observables. 


Observables  with  Non-Additive  Prices 

If  the  observable  prices  are  certain  but  not  additive,  it  is  neces¬ 
sary  to  define  a  large  number  of  prices,  one  for  each  of  the  ways  we 
could  learn  each  observable.  Some  of  the  prices  are: 


K 

K 

K 

K 


yi 


cos t  of  learning  y^  when  none  of  the  other  observables 
are  known; 

■  cost  of  learning  when  yj  Is  known; 

yilyjyk---yr "  C08t  of  learnln8  yi  when  yj  >  yk  ’  etc-  are  known’» 


Hyy  *yr 


cost  of  learning  y^  ,  y^  ,  etc.  simultaneously  when 
none  of  the  observables  are  known  and  no  additional 
Information  will  be  purchased. 


Since  each  of  these  prices  represents  one  dimension  of  a  diagram  such 
as  that  in  Fig.  3,  it  is  clear  that  we  cannot  hope  to  visualize  the 
decision  rules  for  buying  information.  However  we  can  still  describe 
the  decision  rules  algebraically. 

The  decision  rules  can  be  simplified  if  we  restrict  the  prices  of 
the  observables  such  that  they  can  be  described  with  relatively  few  num- 
bers .  One  such  restriction  is  to  assume  that  the  i 


observable  costs 
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K  if  it  is  the  fit’s t  piece  of  information  that  we  learn,  and  ),  K 
yi  yi  yi 

otherwise.  The  reduction  factor  represents  the  savings  that  re¬ 

sult  from  having  previously  set  up  an  information-gathering  process  to 
learn  a  different  observable.  In  this  case  we  can  visualize  the  decision 
rules  in  terms  of  a  diagram,  such  as  that  in  Fig.  3,  with  the  boundary 

representing  V  stretched  along  the  K  axes  by  a  factor  of  ( 1  />  )  . 

yi  yi  >i 

Conclusions 

We  cannot  re gar  1  the  value  of  learning  one  observable  by  itself  as 
the  maximum  that  we  would  be  willing  lo  pa;  for  that  piece  of  information. 
When  it  is  possible  to  buy  additional  information,  the  value  of  the  first 
observable  may  increase.  How  .nuni  it  increases  depends  on  the  prices  of 
the  other  observables,  so  it  is  necessary  to  know  the  prices  of  all  the 
observables  before  we  can  decide  whether  to  buy  one  of  them.  The  deci¬ 
sion  to  buy  a  piece  of  information  must  take  into  account  all  of  the  ways 
we  can  purchase  the  information  individually,  simultaneously,  and  se¬ 
quentially. 
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